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Why study modeling frameworks?

1. To simplify research

= \WWhat do these methods have in common?
= Bayesian Networks
= Gaussian Mixture models
= Naive Bayes methods

m Or these?

m Logistic regression
m Maximum Conditional Likelihood

m Or these?

= Neural Networks
m Decision trees
= Support Vector Machines

2. To place new methods you learn about into context.
3. To design new methods.
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Generative modeling

Focus
= Describe a system with a probabilistic model

= Facilitate generating new system configurations
m Facilitate making inferences and predictions

lllustrative example: Gaussian Naive Bayes Classifier
= Joint PDF = Bayes rule

P(X,Y) = P(Y|X) P(X) = P(X]Y) P(Y)
P(Y|X) P(X]Y) P(Y) / P(X)
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Discriminative modeling (type |)

Focus
m Assume task is classification (or regression) not
generation

= Directly model the posterior:
P(Y|X) = P(X]Y) P(Y) / P(X)

lllustrative example: Logistic regression
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Discriminative modeling (type I)

Focus
m Assume task is classification (or regression)
= Find the decision boundary
= Directly model the mapping Y=f(X)

lllustrative example: Decision trees Classifier
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Outline

Gaussian Naive Bayes (generative)

Logistic Regression (discriminative )
Decision Trees (discriminative Il)
Categorization of more sophisticated methods
Framework advantages & disadvantages
Heuristics for using the methods in practice
Summary and conclusions
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Generative example




Naive Bayes Classifier (1/2)

m Goal: estimate P(X|Y) and P(Y)
= Unreasonable amount of data required for P(X]|Y)
s Assumption: X1,..,Xn conditionally independent of one
another given Y
= Given these assumptions we have:
PX,.. . Xyl¥Y)= ﬁP{X;-U’}

m For discrete Y, Naive Bayes classifier is

o P(Y =y )P(Xi ... XY = i)
PlY =w|Xi... X)) = : :
W= ) = Y = VPG Xl =)

= Using our conditional independence assumption:
P(Y = yi) [T P(Xi|Y = yk)
Y PY =yj) Il P(Xi|Y =y;))

P(Y = w|Xi...Xp) =
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Naive Bayes Classifier (2/2)

= Calculate posterior given X, and P(Y) and P(X]Y)
learned from training data]
PY = yi) [T PIXGIY = i)

PY = X1 . Xn) = LiPY =y) Tl PXi|Y = ;)

m To classify, use the most probable value of Y:
P =) [LPXI]Y =)
}"%ﬂfzﬁw:¢m]mmwzy}

= or simply:
Y —argmax P(Y = y) [TPOG)Y =
wgmax P(Y = y) [ TPXG[Y = )

i
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Gaussian Naive Bayes Classifier

= For continuous X,, choose continuous valued
distribution

= Assumption: For every y,, distribution of each X is
Gaussian and defined by y and o specific to X; and y,

= Training resolves the parameters of the conditional

distributions:
Uik = EP‘(;|Y = _"l‘k]

5 5 KEZP{};:_H‘;{)
G = E[(Xi — i)"Y = w]

x Maximum likelihood estimation:

A I dsivi .
Ui = y SV = ) Zj:kj oY/ =)

1
(L;0(Y7=w))—1 Z;:

s

52, = (X! — g )*8(Y7 = yz)
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Discriminative | example




Logistic Regression: 2-category classification

s Goal: estimate posterior P(Y|X) directly
m IfY is boolean (0/1), then Logistic regression assumes
parametric form for P(Y|X):

1
PlY =1X)=
{ X) I +exp(wo+YXi_, wiXi)

exp(wo+ X, wiXi)

P(Y =0[X) =
( X) I +exp(wo+L wiXi)

m To classify X, assign the Y that maximizes P(Y|X). E.g.
assign Y=0 if:

P(Y = 0[X)

P(Y = 1|X)

= This expression can be re-written and we take the log:

1 << exp({wo+ E wi X )

=1

1 <

H
0 < wp+ Z wiX;

i=l1
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Parameter estimation for logistic regression (1/2)

s Choose vector of parameters, W=<w,,...,w> that
maximizes conditional data likelihood:

_ arem: iyl
W tubnmxHP(} X W)

m After taking logs we have:
W — arg n&;xg nP(Y'| X", W)

m Since Y is binary, express conditional data likelihood

objective function as:
(W) = Y Y'PY' =1X" W)+ (1-Y)InPY' =0X' W)

{
s -
_ oy P = LX)
= P T=ox"w)

n i
— E Y (wo+ Z wiX!) — In(1+exp(wo +Z wiX;))
! f' j

+InPY' =0X", W)
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Parameter estimation for logistic regression (2/2)

= No closed form solution to maximize conditional log
likelihood wrt W

= Choose an optimization strategy, e.g. gradient ascent.

s Gradient can be expressed using:

(W)
il Zx Y- py!=1x!,w))

1"“1;

= To optimize, initial with zero weight, then iteratively
update by walking In gradient direction:

wi—wi+n Y X[ (Y =Py =1]X",W))
[

Rutgers Albert A. Montillo 14



Logistic Regression: multi-category classification

m If Y takes on finite number of discrete values {y,,..., y\}
then posterior is modeled similarly as 2 category:

i exp(wWiro+ X0, wiiXi — — —
PIY = w|X) = — ot R Wel)for Y=y, Y=y, Y=Y
L+X 5y exp(wjo+ Ximy wjiXi)
1
L+ 255 exp(wjo+Xi; wjiki

P(Y = yk|X) =

; for Y=yy

= The gradient ascent weight update rule becomes:

wii = wii+NY X (8(Y' =y;) - PY' = y;[X"W))
I
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Gaussian Naive Bayes versus Logistic Regression (1/2)

= Ostensibly the difference is:
m Logistic regression directly estimates P(Y|X)
m Gaussian Naive Bayes estimates P(Y) and P(X]Y)

m But, ... the essence of the difference is:
m Generative approach models the input, which reduces variance

of parameter estimation, at the expense of possibly introducing
model bias. [Liang & Jordan '08, Mitchell '10]

= If the bias is appropriate, generative will be preferred, if not
discriminative will be.
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Gaussian Naive Bayes versus Logistic Regression (2/2)

= Appropriate assumptions
m LR & GNB yield same classification as # examples increases
= Finite # examples, GNB reaches asymptotic accuracy sooner
= Experimental comparison: [Ng & Jordan 02]
GNB converges by just log n examples
LR requires n examples

= |Inappropriate assumptions:
= LR's conditional likelihood maximization adapts & selects
parameters that maximize fit to data
m As # examples increases, LR reach or surpass GNB accuracy
= Experimental comparison: [Ng & Jordan 02]
GNB outperforms LR when training data is scarce
LR outperforms GNB with many training examples
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Discriminative Il example




Decision trees involve greedy, recursive partitioning

Simple dataset with two predictors:

PE,
Ti PE Response
M9 . . .
1.0 M2 good . @ ® @ ) @ )
20 it bad @ ® .O .. ®
M4 () @
M3 @ @ o e @
M2 @ @ @
45 M5 2 Ml @ o (0]
» 17

-2
th

Greedy, recursive partitioning along Tl and PE:

PE,
17 =5
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@ e ©
9] Q@ Q
® O ® o l -
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Decision trees: model, score criterion, search strategy

Training set: D ={y;, Xz, Xz, .-, xik}lN ={y,,x.}

where k =# predictors and N =#samples

Model of underlying functional form sought from data

general -2 decision trees
~ ~ M A
Fx)=F(xa)e P=T(0=)¢l(xeR,)
m=]

Score criterion to judge quality of fit of model

_ N . ) -
R(a)= %Zl(_l-}__}?(xf;a)) Squared error: L(y,v)=(y—7)
N 5o

Search strategy to minimize the score criterion
¥, =T(x,)

. o C . w o P i 2
a =argmin R(a) : ¢,-R, | =argmin Z|:-T-" —:_._Z c,I(x, ER, ):|
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Categorizing more sophisticated
methods



Generative modeling: Other examples

— Bayesian network (directed graph)

px) =[] p(x | pa,)
i=1

— Hidden Markov model (HMM)
p(O|A)=> P(O|Q.A)P(Q|4)
Q

- Z J'qubq] (Ol )amﬂ:bﬂ (03) o afi'r_aﬁfr bqr (OT)
Gy 87

— Undirected graphs

« Markov random field (MRF)
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Discriminative modeling: Other examples

— Artificial neural networks (ANN):
discriminant function regardless
of probability distribution

Hidden =
mpt U
. signals
— Support vector machine (SVM): ) - .
hyperplane classifier (2-class) :: s
» Decision boundary o & KN e
/"-/ .’L:}'\\\ !( A
w-X+b><0 VAR
-b. N M .
I ° ¢ “1'--._\“-5% \
Ornigin ™~ q} AN '_l{
o # Magn

Credit Fei-Fei Li 2007
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Discriminative modeling: Other examples

®) O
Weak ® (] )
Classifier 1 h\'“"'n__‘__ ===
© o
O 0
Weights
(Ad a ) Boost Increased ?
Weak

Classifier 2

Weak
classifier 3

Final classifier is
linear combination of
weak classifiers

Credit: P. Viola and C. Bishop, ICCV 2003 Tutonal
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Generative modeling: advantages/disadvantages

= Advantages
= Ability to introduce prior knowledge
= Do not require large training sets
= Generation of synthetic inputs
= Disadvantages
= marred by generic optimization criteria
= Potentially wasteful modeling
= Reliant on domain expertise
m Don’t scale well to large number of classes
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Discriminative modeling: advantages/disadvantages

= Advantages

= Fast prediction speed

m Potentially more accurate prediction
= Disadvantages

m Task specific

= Long training time

= Don’t easily handle compositionality
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When to use each type of model?

= Build a generative model if
= Have expressible domain knowledge
= Have small training dataset
= Require instance generation
= Interpretation of classifier output

= Build a discriminative model if
= Little domain knowledge
= Require fast (real-time) prediction
= Large training dataset
= Trade off : training time vs prediction time

= Generative: train fast, predict slow
= Discriminative: train slow, predict fast

Rutgers Albert A. Montillo
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Summary and conclusions

Generative Discriminative
5 | | . .
p(C) p(C ) p(C )
4t ] o |
@
e =08l
29 5
13 206
32! S
o p(x|Cl) %0.4'
@]
1+ a
0.2
0 | 0
0 0.2 04 0.6 0.8 1 0

Credit: C. Bishop, ICPR 2004
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Summary and conclusions
Coarse continuum between frameworks presented today:

Generative Discriminative | Discriminative |l

<============================================>

substantive priors minimal priors
Indirectly model Directly model

the discriminant the discriminant
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Thank you

... Questions?

Rutgers
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